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Transonic Lifting Line Theory—
Numerical Procedure for
Shock-Free Flows

R. D. Smali*
Technion—Israel Institute of Technology, Haifa, Israel

Nomenclature

= similarity parameter, «/8

= aspect ratio

= half-span

= perturbation parameter, B=6°b
*)}  =chord distribution
Cij = coefficients defined by Eq. (11)
¢;,¢;  =coefficients defined by Eq. (12b)
C, = pressure coefficient
C; =1lift coefficient
F,G = functions defining wing cross section
=mesh spacing
=transonic similarity parameter
=lift
=Mach number
=polar coordinate, r? = x? + Kp?
= velocity
= Cartesian coordinate
= scaled coordinates
=angle of attack
= compressibility factor, §=v1-M?
= ratio of specific heats
= circulation
= airfoil thickness ratio
=polar coordinate, § =tan ~ ' (VKy/x)
=dummy variable
= fluid density
= disturbance potential
= transformed first-order disturbance potential
= exact potential
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Subscripts

i =mesh point indices in x and J directions, respec-
tively

L =wing leading edge

T = wing trailing edge

u,? =denotes upper and lower airfoil surfaces

X, 7 = denotes derivative with respect to x, 7

0,1 =denotes zero- and first-order terms

0 = freestream

I. Introduction

ECENTLY, numerical methods have been developed for

solving the inviscid flow equations for slender airfoils in
transonic flows. Present extensions of the two-dimensional
numerical methods include calculation of transonic flows
about three-dimensional wings. In the following, an
algorithm for calculation of a transonic lifting line theory is
developed and numerical results for an elliptic wing with a
NACA-0012 cross section are presented. The calculated lift
coefficients are compared with results—corrected for com-
pressibility effects—obtained from incompressible lifting line
theory.

Received Dec. 19, 19877; revision received Feb. 9, 1978. Copyright
© American Institute of Aeronautics and Astronautics, Inc., 1978.
All rights reserved. :

Index categories: Aerodynamics; Transonic Flow.

*Senior Lecturer, Dept. of Aeronautical Engineering; currently on
leave at Mechanics and Structures Dept., UCLA, Los Angeles, Calif.

VOL. 16,NO. 6

II. Definition of the Boundary Value Problem
The equations and linearized boundary conditions des-
cribing the transonic (M ~1) flow about an unswept finite-
aspect-ratio wing at small angle of attack can be developed!
from the three-dimensional transonic small disturbance
equation

(K= (y+ 1}, )bp+ b5+ dz=0 )

with boundary conditions and Kutta condition

a
¢y(X,0,Z~)=£Fu,e(X,Z) -4, x;(Z) sx=xp(2) (2a)
¢x (x));)zx)) ¢fv (x)ﬁ)z) _'O; F—x (Zb)
[0, (x,0,2)]=0, x=x7(2) (2¢)

Using the method of matched asymptotic expansions, the
preceding three-dimensional transonic disturbance equation is
reduced to the following two-dimensional boundary value
problems (in which span effects appear only parametrically):

1)

(K= (v+ 1) og) Porx + D055 =0 (3)v

a
o5 {X,0%,2*)= I we(X%2¥)— A,

Iz*l =1, x;(2)=sx=xr(z*) (4a)
- Tp(z*) (y+ T3z bar
@y (X, V,2*)—~ — o 8+ 117K p cosfl, r—oo (4b)
{0 (%,0,2)}=0, x=xr(z%), lz*i=l (4c)
2)
(K—{y+ Do) — (v + Ddoudr 3= (Sa)
y 4 T d
" (X%,5,2%) =, (x,7.2") + ;—iéi _(ig)_g (5b)
Ty z¥-§&
. o L& Tolf)dg . .
8300029= 7§ TUEE, x (@) =xsx @),
Iz*1 =1 (6a)
¢ (79— -y o (6b)
27
[Pf(x,0,2)]1=0, x=x;(z%), lz*l=<] (6¢)

¢, and ¢, are the disturbance potentials from the inner ex-
pansion

$(x,5,2%K,A,B) =y (x,5,2%:K, A)
+({/B)¢, (x,7,2":KA4) +... Y

Equation (3) with the tangent flow condition [Eq. (4a)] on
the wing, far-field behavior [Eq. (4b)], and Kutta condition,
[Eq. (4¢)] represents a two-dimensional section flow.
Numerical methods for its solution are well documented.?>?
The particular algorithm used in the present study is described
in Ref. 4. The solution of the linear homogeneous Eq. (5a)
subject to the downwash [Eq. (6a)] on the wing, far-field
condition {Eq. (6b)}], and Kutta condition [Eq. (6¢)] represents
the correction for finite span to two-dimensional wing
{transonic) theory.
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The solution of Eq. (1) with boundary conditions [Eq. (2)]
therefore reduces to construction of a three-dimensional
potential field from a series of solutions to two-dimensional
problems in which span-effects appear parametrically. At
each cross section, z}, ¢,(x,7,2*), and Ty(z*) are to be
determined from Egs. (3) and (4), and then Egs. (5) and (6)
are to be solved for the first-order inner disturbance potential
and circulation ¢, (x,7,z*)yand T', (z*). For the spemal case of
similar profiles, i.e.,

Fa(6,2%)— Ax=c(z2")G,[x/c(z%)] ()
where c(z*) defines the chord, the three-dimensional field
may be extrapolated by a scaling! of ¢, and ¢, (which are
calculated at one cross section, e.g., center span).

For the following definitions of 7, z*, and K
F=8 M2y, =z/b, K=(1-M2%)/M_5"3 )

the pressure coefficient and lift are

25213 ]
Cy= =i (ut 5610) (102
R 2/3 1 1
L:prbW S_I [Ty(z")+ EPl (z*)}dz* (10b)

III. Numerical Method

A converged numerical solution to the posed boundary
value problem is obtained by establishing the potential fields
¢y and ¢, in the infinite section planes which satisfy the
boundary conditions in Eqgs. (4a,b) and (6a,b), respectively.
Unique solutions are prescribed by the Kutta condition in Egs.
(4¢) and (6¢). Using the far-field representations [Eqs. (4b)
and (6b)], it was sufficient to solve for ¢, and ¢; in the plane
Ix! <3, Iyl <6. The algorithm for solution of ¢, and ¢, is
summarized as follows:

1) The two-dimensional transonic small disturbance
equation (3) is solved in the plane lxl=<3, Iyl=<6,
z* =constant. The potential ¢, (x,§,z*}) is specified [Eq. (4b)]
on the far-field boundary, and on the slit (¥=0, x; (z*)=x=<
xp(z*) 12l = 1), ¢y ;5 (x,0%,2%) are given by Eq. (4a). Across
thecut 7=0, x>x7(2*), 1z*1 <1, the potential jumps in value
by the circulation I'y(z*). The Kutta condition {Eq. (4c)]
guarantees a unique solution.

2) Having computed ¢,{x,7,z*) and T';(z*) in the three-
dimensional field by solving a series (at different z}) of two-
dimensional problems, the downwash velocity ¢; [Eq. (6a)]
on the wing as well as the coefficients of ¢}, and ¢} are
calculated.

3) The first-order 'potential equation is then solved in the
plane x| =<3, |7l <6, z* =constant. ¢}(x,0,z*) is specified
ontheslitx; (Z*)sx=x,(z%), Iz*! <I by Eq. (6a) and
¢* (x,7,z*) by Eq. (6b) in the far field. ¢* is also multivalued
‘and acrossthe cut =0, x>x,(z*), lz*! <1 jumps in value
I'; (z*). A unique circulation and, hence, solution is ensured
by the Kutta condition [Eq. (6c)]. The three-dimensional
solution ®=U, {x+68%3 [¢,+ (1/B)¢,;]1+...} is constructed
by addition of ¢, and ¢, from & section calculations z} = con-
stant.

Both Egs. (3) and (5a) are type-dependent and require
selective finite-difference procedures. Equation (3) is the more
difficult to solve as it is nonlinear and the type of the equation
and hence finite-difference relation used is dependent on the
local and current solution. The type of Eq. (5a) depends on
the coefficient of ¢, which is a priori known at each point in
the field independent of the local value of ¢*. The specific
differencing procedure used depends on the relation between

G=K—(y+1) (¢,

<, i+ 1.

¢0,A1_j)/2h (1
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and ¢;_;;, i.e., ¢;; evaluated at the adjacent upstream point.
Standard dxfference operators® are used except for ¢; >0,

¢;—,,; <0 (isentropic deceleration to subsonic flow) where a
smoothing operator

b1= = (Dfy;— P )4‘;2‘2‘32 ($7_ 1, +! 1) (12a)

c;=0(c ey ), ea=(e+eiis)) (12b)

similar to Murman’s shock point operator? is used.

A converged solution for ¢* is obtained by a successive lirie
relaxation procedure in which elliptic points are over-relaxed
and hyperbolic and parabolic points are under-relaxed. A
nonuniform mesh was used in the actual computations in
order to have a higher density of mesh points near the wing.
Values of ¢, interior to the boundaries are determined
serially on lmes of constant x by solution of a diagonally
dominant tridiagonal matrix, At the wing trailing edge, the
circulation T, (z*) is redefined as [¢*] and the far-field
boundary condition [Eq. (6b)] reset. A converged solution is
obtained when the maximum changes in ¢* and ', occurring
in the field are less than some a priori defined error limit, e.g.,
e=0(10"*). Since Eq. (5a) is linear, an infinity of solutions
exist which satisfy Eqgs. (6a) and (6b). The unique solution is
that which satisfied Eq. (6c) {to O(10 %)}, i.e., zero pressure
jump across the trailing vortex sheet.

iV. Results

The three-dimensional flowfield was computed for a
geometrically and aerodynamically untwisted lifting wing
with an elliptic (spanwise) distribution of chord and a NACA-
0012 cross section. The freestreami Mach number and angle of
attack were 0.63 and 2 deg, respectively.

Since all section profiles are similar, the three-dimensional
field can be scaled from the values of ¢, and ¢* computed at
center span (z* =0). For a nondimensional chord length at
z*=00f 2, the scaling factor Vac(z*)isvV1—z*2. The zéro-
order disturbance potential and circulation are therefore

Sp (X, 7,25)=NI1—2"2¢,(x,7,0), lz*i=<]
Ip(z*)=VI—2z*T,(0), z*l<’

The downwash velocity as calculated from the principle value
integral [Eq. (6a)], the first-order disturbance potential, [Eq.
(5b)] and first-order circulation are

g Te®dE _Ty(0)
¢j—2w(§/‘z*—é T2

0
6 (65,27 =T = z”(sb (x,5,0) — "”

¢9(x,7,0) and T,{0) were computed using the aigorithm
described in Ref. 4. The coefficient terms K — (y + 1)¢,, and
(y + )¢y, in Eq. (5a) were computed using central differences
and stored on disk for use in solving Eq. (5a) and calculating
the final total pressure distribution. A converged unique
solution® for ¢*(x,7,0) was obtained (initial field ¢*=0
everywhere) after 287 iterations. The calculations were
performed using double precision arithmetic, the program

- size was 270k bytes and required 80 seconds of execution time

(IBM 360/91).
The total pressure distribution
26283 i 41
Cp= _Myt ( ot 51753 1 /Rd’l-*) 13y
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Fig. 1 Pressure distribution: efliptic wing, NACA-0812 cross section,
M, =0.63, a =2 deg.
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Fig. 2 Ceomparison of computed lift coefficients with incompressible
iift coefficients corrected for compressibility effects.

for the elliptic NACA-0012 wing is shown in Fig. | for several
different aspect ratio wings. The pressure distribution for the
infinite wing showed excellent agreement with a solution’ to
the full inviscid equations. The lift coefficient as calculated
from Eq. (10b) reduces to

§c 0 41 1 o
Cr= M Fo (03 + 575 7 L (0 (14a
C; =0.324-0.314/R (14b}

The first term represents the lift coefficient for a two-
dimensional wing and the second term the corrcction due to
finite aspect ratio. It should be noted that these results are
derived from an asymptotic theory and are therefore formally
valid as R—oo. For an aspect ratio of 8 the lift of the finite
wing is 13.7% less than the infinite aspect ratio wing.

While wind-tunnel test resulis are not available for com-
parison with these results, it is interesting to compare the
computed lift coefficients to those calculated from in-
compressible lifting line theory correcied for compressibility
effects. One method for correcting Prandtl’s incompressible
theory is based on a simple stretching of the wing chord by
1/B. The corrected lift coefficient® is

C, =27aR/(BR+2) {15)

A different correction
C, =27aR/IBR+2(1—-8}] {16)
in which the effective angle of attack is also modified has been

proposed by Tsien and Lees.® Both these corrections are
basedon a stretching of the chord by 1/8 and ignore thickness
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effects. The lift cocfficients at infinite &R disagree with the
two-dimensional calculation. Multiplication of Egs. {15) and
(16) by 0.324/2w«/B provides the correct asymptotic limit.
The revised corrections and the computed result [Eq. (14)] are
shown in Fig. 2. For comparison, results from Prandt!’s and

Van Dyke’s 'Y incompressible theories are shown.

V. Summary

The algorithm described is appropriate for computation of
shock-free transonic flows about unswept wings. In addition
to the suberitical flow calculated, supercritical flows can also
be computed providing they are shock-free flows. The airfoil
scctions designed by Garabedian and Korn!!' and at NLR !2 fit
this class. At present, the computer code is being modified to
calculate flows with embedded shock waves.
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Introduction

HIS Note is concerned with the interaction between an
underexpanded supersonic gas jet and a flat plate with the
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